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 ABSTRACT. The Mertens function has the form:
1
( ) ( )
n
i
M n i

 , where ( )i  is Mobius 
function. In the case that a natural number  has an even number of prime divisors of the first 
degree, then the value is ( ) 1i  . If the natural number  has an odd number of prime divisors of 
the first degree, then the value is ( ) 1i   . If the natural number  have primes divisors of 
degree higher than the first, then the value is ( ) 0i  . It is proved the relation 
lim ( ( ) ) ( )
n
P n y F y

  in the paper, where ( )F y is the function of the limiting distribution (4.2). 
It is proved also the relation: lim (S / 2 ) ( ),n
n
P pn y G y

   where nS is the sum of random 
variables having the distribution of the Mobius function (compare with the Mertens function), 
( )G y is a function of the standard normal distribution, and 23 /p  . It is shown that the law of 
the iterated logarithm is fulfilled for the sum of random variables having the distribution of the 
Mobius function. 
  
1. INTRODUCTION 
  
It was proved in [1] that the order of growth of the Mertens function is: 
 ( ) ( )M n o n .          (1.1) 
Mertens hypothesized the order of growth of his function:  
1/2| ( ) | nM n  .          (1.2) 
 
______________________________________________________________________ 
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However, it was proved in [2]: 
1/2lim sup ( ) / 1,06n M n n  ,       (1.3) 
what refutes the hypothesis of Mertens. 
 There is a hypothesis about the order of growth of the Mertens function: 
1/2lim sup | ( ) | /n M n n C          (1.4) 
where C  is a positive constant. 
  Another hypothesis was put forward [3]: 
1/2lim sup | ( ) | /n M n n  ,        (1.5)  
but it is also not yet proven. 
There is a hypothesis about the order of growth of the Mertens function: 
lim sup | ( ) | / loglogn M n n n C  .      (1.6) 
All hypotheses (1.2), (1.4), (1.5), (1.6) do not contradict Riemann's conjecture on the 
order of growth of the Mertens function: 
1/2( ) ( )M n O n  ,         (1.7) 
where  is a small positive number. 
The aim of the paper is to find the limiting distribution functions for random variables 
having a distribution as a function of Mobius and Mertens. Determination of the order of growth 
of a random variable having a limiting distribution, as the Mertens function and, accordingly, the 
fulfillment of hypotheses on the order of growth of a given random variable.  
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2. CLASSIFICATION OF HYPOTHESES ON THE ORDER OF GROWTH OF THE 
MERTENS FUNCTION 
Let us consider the interval of a natural number[1, ]n . Suppose that there are k natural 
numbers on this interval that have prime divisors only in the first degree (1 )k n  . Suppose that 
1k  have an even number of prime divisors and 2k have an odd number of prime 
divisors 1 2( )k k k  . Note that the values 1k and 2k uniquely determine the value of the Mertens 
function at the point n : 1 2( )M n k k  . 
We denote the relative frequency of the event that the natural number has an even number 
of prime divisors free from squares - 1 1 /k n  , and the relative frequency of the event that the 
natural number has an odd number of prime divisors free from squares 2 2 /k n  . Then the 
relative frequency of an event that a natural number has prime divisors of degree higher than the 
first will be 3 1 21     . 
Consequently, the relative frequencies 1 2,  also uniquely determine the value of the 
Mertens function at the point n : 
1 2( ) ( )M n n v  .         (2.1) 
The density of the Mertens function on the interval [1, ]n  based on (2.1) is equal to: 
1
1 2
( )
( )
n
i
i
M n
v
n n

  

        (2.2) 
The density of natural numbers on an interval [1, ]n having prime divisors of only the first 
degree (free from squares) [4] is equal to: 
1
1 2 2 1/2
| ( ) |
6 1
( )
n
i
i
v O
n n



    

.       (2.3) 
Based on (1.1) the asymptotic density of the Mertens function is: 
1
1 2
( )
( )
lim lim lim ( ) 0
n
i
n n n
i
M n
v
n n

     

.    (2.4)  
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Having in mind (2.4), we can write: 
1 2 (1/ ( ))O f n   ,         (2.5) 
where the function ( )f n  is monotonically increasing and at n N value lim ( )n f n  . 
Based on (2.1) and (2.5) the order of growth of the Mertens function can be written in the 
form: 
( ) O( )
( )
n
M n
f n
 .         (2.6) 
 Based on (2.1), (2.6) we will classify hypotheses about the order of growth of the 
Mertens function as a function of the order of the difference of the relative frequencies of natural 
numbers having an even and odd number of prime divisors free from squares: 
1. We obtain the value 1/2( ) ( )M n O n  for 1/21 2 ( )O n 
  , which corresponds to the 
hypothesis (1.4). 
2. We obtain the value 1/2( ) ( )M n O n  for 1/21 2 ( )O n 
  , which corresponds to the 
hypothesis (1.5). 
3. In the particular case of the hypothesis (1.5), we obtain ( ) ( nlog log )M n O n for a 
value 
1/2
1 2 1/2
(log log )
( )
n
O
n
   that corresponds to the hypothesis (1.6). 
4. In the particular case of the hypothesis (1.5), we obtain 1/2( ) ( )M n O n   for a value 
1/2
1 2 1/2
(log log )
( )
n
O
n
   that corresponds to the Riemann hypothesis 
Based on (2.3) and (2.5) the behavior of the Mertens function uniquely determines the 
relative frequencies: 
1 2 12 1/2 2 1/2
3 1 1 6 1
( ) ( ) ( ), ( ) ( ) ( )
( )
n O O n O n
n f n n
  
 
      .   (2.7) 
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3. PREREQUISITES FOR A PROBABILISTIC APPROACH TO THE 
INVESTIGATION OF THE ASYMPTOTIC BEHAVIOR OF THE MURTENS 
FUNCTION 
The sequences of relative frequencies 1( )n , 2 ( )n  converge to the values: 
1lim (n)np  , 2q lim (n)n  .       (3.1) 
 Having in mind (2.7), the indicated values are: 
 23 /p q   .         (3.2) 
Consequently, the values (3.1), (3.2) uniquely determine the asymptotic behavior of the 
Mertens function, which we will investigate in this paper. 
Suppose that a natural number 2n  has maximally mk prime divisors that are free from 
squares. Let us consider the case when n has an odd number of such divisors. If it is odd, then it 
can have the following number of simple divisors that are free from squares: 1,3, ..., but no more 
then mk . If n  is even, then it can have the number of prime divisors that are free from squares: 
3,5,... , but not more then mk . Thus, an even number 2n  cannot have one prime divisor that is 
free from squares. 
Denote an even number - 1n  ( 1 2n  ), then, based on the above, the frequency of the event 
that the number 1n has one prime divisor free from squares is equal to: 
1{ ( ) 1} 0n    .         (3.3) 
Denote an odd number - 2n  ( 2 2n  ), then the frequency of the event, that the number 
2n has one prime divisor free from squares, based on the law of primes, is: 
 2 2{ ( ) 1} 1/ log(n )n   .        (3.4) 
Thus, the number of odd numbers 2n  ( 2 2n  ) having one prime divisor that is free from 
squares, as it were, "compensates" for the absence of even numbers 1n  ( 1 2n  ) having one prime 
divisor that is free from squares. 
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Summing (3.3) and (3.4), we find that the frequency of the event that the number n has 
one prime divisor free from squares for an arbitrary natural number ( 2)n n  is equal to: 
{ ( ) 1} 1/ log(n)n   .        (3.5)  
This situation does not arise when the number of prime divisors that are free from squares 
is more than one. Therefore: 1 2{ ( ) 1} 0, { ( ) 1} 0n n       . 
There is a formula [5] for determining the frequency of the event, that the natural number 
n  has k prime divisors: 
1(loglog )
{ ( ) }
( 1)!log
kn
n k
k n
 



.        (3.6)   
We obtain a formula for the asymptotic density of primes (3.4) based on (3.6) in the 
particular case for 1k  . 
Having in mind (3.6), the function of the number of prime divisors has a distribution 
approximately in accordance with Poisson's law with a parameter log logn  on the set of a 
natural number. The maximum number of prime divisors of a natural number n is: 
log
[ ]
log log
m
n
k
n
  
  , 
where [ ]A is the integer part of a number A . 
The distribution function of the number of prime divisors tends to a normal distribution 
with mathematical expectation m loglogn and mean square deviation           log logn   
(Erdшаs - Kac theorem) with increasing n and correspondingly the value log logn  . Thus, the 
asymptotic distribution of the number of prime divisors has a symmetric form relativelym . 
Therefore, an approximate equality is fulfilled: 
{ ( ) [ ]} { ( ) [ ] 1}n m n m       , 
{ ( ) [ ] 2} { ( ) [ ] 1}n m n m        , 
{ ( ) [ ] 2} { ( ) [ ] 3}n m n m        , …      (3.7) 
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It follows an approximate equality of the number of natural numbers having an even and 
odd number of prime divisors on the basis of (3.7), that corresponds to (2.7). 
A segment of a natural number {1,2,..., }n can be naturally transformed into a probability 
space  , ,n n n , taking {1,2,..., }n n  , n - all subsets n , 
| |
( )n
A
A
n
 . 
Then an arbitrary (real) function ( )f k of a natural argument (more precisely, its 
restriction to n ) can be regarded as a random variable n on this probability space:  
( ) ( )n k f k  ,1 k n . 
Therefore, one can talk about mathematical expectation
1
1
( )
n
n
k
f k
n


  , 
variance 2 2
1 1
1 1
| ( ) | | ( ) |
n n
n
k k
f k f k
n n

 
   , and distribution functions
1
( ) { : ( ) }
n
F x k n f k x
n
  . 
 
4. PROBABILISTIC APPROACH TO THE INVESTIGATION OF THE 
ASYMPTOTIC BEHAVIOR OF THE MERTENS FUNCTION 
Theorem 1 
lim ( ( ) ) ( ),
n
P n y F y

           (4.1) 
where ( ( ) )P n y  is the distribution function ( )n , and ( )F y is the limiting distribution 
function ( )n , which is equal to: 
 
0, 1 ;
, 1 0 ;
( ) {
1 , 0 1 ;
1, 1 .
y
p y
F y
p y
y
 
  

  

,       (4.2) 
where 23 /p  in (4.2). 
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Proof 
We introduce probability spaces{ }, ,n n nA P , where (1,2,..., )n n  , nA is the collection of 
all subsets of n  and 1 2 3{ , ,(n), ( }(n) n)nP    , where 1 2 3 1( ) ( ) ( )n n n     and 
1
1
( ( ) 1) ( ) {1,2,..., }: ( ) 1{ }P i n i n i
n
       ,  
2
1
( ( ) 1) ( ) {1,2,..., }: ( ) 1{ }P i n i n i
n
         ,  
3
1
( ( ) 0) ( ) {1,2,..., }: ( ) 0{ }P i n i n i
n
       . 
We introduce a random variable : ( ) ( ),1n nx x i i i n   , where the probabilities are: 
1 2 3( ( ) 1) ( ), ( ( ) 1) ( ), ( ( ) 0) ( )P i n P i n P i n            . 
 Let us denote the distribution function of a random variable ( )nx i  - ( ) ( ( ) )n nF y P x i y  , 
then the random variable ( )nx i has the distribution function: 
2 3
2
0, y 1;
(y) { ( ), 1 0;
( ) (n),0 1;
1, y 1.
nF n y
n y

 
 
   
  

       (4.3) 
Based on (3.2) and Remarks 4 on p. 123 [6], the distribution functions ( )nF y converge to 
the distribution function ( )F y forn , as discrete distributions having jumps at the same 
points. 
Consequently, lim ( ( ) ) ( )
n
P n y F y

  . The proof is complete. 
Now we consider the question of the limiting distribution of a random variable that is 
equal to the Mertens function - 
1
( ) ( )
n
i
M n i

 . 
Having in mind that random variables ix  (equal to the Mobius functions - ( )i ) are on 
different probability spaces (Theorem 1), then the sum of these random variables (equal to the 
Mertens function - ( )M n ) is not defined. 
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But based on Lemma 3 on page 123 [6], there is a sequence of random variables 'nx on 
one probability space such that: 
( ' ) ( ) ( )n n nP x y P x y F y    ,        (4.4) 
where the random variables : ( ) ( ),1n nx x i i i n   and ( )nF y are determined by the formula 
(4.3) from Theorem 1. 
Having in mind (4.4): ( )( ( ) ),' ) 1(i nP x i i ix y nP y    .  
Therefore, we can consider a random value equal to the sum of random variables: 
1
'
n
n ii
S x

 ,          (4.5) 
where the random variables 'ix have a distribution of the Mobius function and are on the same 
probability space. 
Theorem 2 
lim (S / 2 ) ( ),n
n
P pn y G y

         (4.6) 
where the random variable nS  is the sum of random variables having the distribution of the 
Mobius function (4.5), ( )G y is the function of the standard normal distribution, and 23 /p  .  
Proof 
Let's consider a random variable
1
'
n
n i
i
S x

 .   
A random variable nS can be represented as: 
1 'n n nS S x  .         (4.7) 
Based on (4.7) nS is a Markov chain. Having in mind that the probabilities 
1 2 3, ,   depend on n , it is a non-homogeneous Markov chain with a discrete 2 1n number of 
states. In each next state, this chain passes with probability 1( )n , to the previous state - with 
probability 2 ( )n u remains in the same state with probability - 3( )n . 
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If n , then probability: 
2 2 2
1 2 2( ) 3 / , ( ) 3 / , ( ) 1 2 1 6 /n p n p n p            
2
1( ) 3 /n p   (4.8) 
and the sequence of random variables nS converges weakly to a random variable S , where 
S   is a simple random walk with a countable number of states. The initial value of this random 
walk is 0 0S  . 
Based on (4.8), the probability of transition to the next state of this random walk is 
equal p , the probability of returning to the previous state is equal p , and the probability of 
remaining in the same state is equal to1 2p . Therefore, the mathematical expectation and 
variance of a random variable S are equal, respectively: 
 ( ) 0M S  , ( ) 2D S pn .        (4.9)  
Having in mind (4.9) the random variable S  is a symmetric random walk. 
It is known that an infinite symmetric random walk has a normal distribution function 
with a mathematical expectation equal to 0. Based on (4.9) the root-mean-square deviation of 
random variable S  is equal to: 
( ) 2S pn  .         (4.10) 
Having in mind (4.9), (4.10), weak convergence nS S is equivalent to convergence in 
the distribution (4.6). The proof is complete. 
Consequence 
The law of the iterated logarithm is fulfilled for the sum of random variables having a 
distribution of the Möbius function. 
Proof  
Having in mind [7], the law of the iterated logarithm is satisfied for the random value of 
an infinite symmetric walk. 
5. CONCLUSION AND SUGGESTIONS FOR FURTHER WORK  
The next article will continue to study the asymptotic behavior of arithmetic functions. 
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